A. Monteiro, in 1978, defined the algebras he named tetravalent modal algebras, will be called 4−valued modal algebras in this work. These algebras constitute a generalization of the 3−valued Lukasiewicz algebras defined by Moisil.
Introduction
In 1940 G. C. Moisil [13] introduced the notion of three-valued Lukasiewicz algebra. In 1963, A.Monteiro [14] characterized these algebras as algebras A, ∧, ∨, ∼, ▽, 1 of type (2, 2, 1, 1, 0) which verify the following identities: L.Monteiro [15] proved that A1 follows from A2, · · · , A8, and that A2, · · · , A8, are independent.
From A2, · · · , A5 it follows that A, ∧, ∨, ∼, 1 is a De Morgan algebra with last element 1 and first element 0 =∼1.
In 1969 J. Varlet [16] characterized three-valued Lukasiewicz algebras by means of other operations. Let A, ∧, ∨, * , +, 0, 1 be an algebra of type (2, 2, 1, 1, 0, 0) where A, ∧, ∨, 0, 1 is a bound distributive lattice with least element 0, greatest element 1 and the following properties are satisfied:
About these algebras he proved that it is posible to define, in the sense of [14, 15] a structure of three-valued Lukasiewicz algebra by taking ∼x = (x ∨ x * ) ∧ x + and ▽x = x * * .
Furthermore it holds x * =∼ ▽x and x + = ▽ ∼ x. Therefore threevalued Lukasiewicz are double Stone lattices which satisfy the determination principle V7. Moreover V7 may be replaced by the identity
Later, in 1978, A. Monteiro [14] considered the 4-valued modal algebras A, ∧, ∨, ∼, ▽, 1 of type (2, 2, 1, 1, 0) which satisfy A2, · · · , A7 as an abstraction of three-valued Lukasiewicz algebras.
In this paper we give several characterizations of the 4-valued modal algebras. In the first one we consider the operations ∧, ∨, ¬, Γ , 0, 1 where ¬x =∼▽x, Γ x = ▽ ∼x are called strong and weak negation respectively. 
Then A, ∧, ∨, ∼, ▽, 1 is a 4-valued modal algebra if and only if it satisfies the following properties:
where
Moreover, ¬x and Γ x denote ∼▽x, and ▽ ∼x respectively.
The verification of the neccesary condition does not offer any special difficulty; therefore we omit the proof. For the sufficient condition we need the following lemmas and corollaries: 
Proof. We only check B18, B22, B28 and B31.
(B18) Then Γ ¬x ≤ ¬¬x and by B13 ¬¬x ≤ Γ ¬x.
Proof. First, we observe that from B13 and D2 we obtain
[B17] ✷ Corollary 2.3 (Axiom A7) x∧ ∼x =∼x ∧ ▽x.
Proof.
[D3] ✷ Lemma 2.2 The following properties hold:
Proof.
We check only B34, B35, B36, B38, B39, B40 and B41.
[D2]
On the other hand (2) Γ (¬x
and
Then B35 follows from (1), (2) and (3).
(B38) Let x, y be such that
( (1),B34) Furthermore
(B39) From B34 and B35 we have ∼Γ (x ∨ y) = Γ Γ (x ∨ y), ∼(¬x ∧ y) = ¬¬x ∨ Γ Γ y, and by B37 it results (1) ∼Γ (x ∨ y) ≤∼(¬x ∨ Γ y) From (1), B38 and corollary 2.3. ¬x ∧ Γ y ≤ Γ (x ∧ y).
We have
Finally, taking into account that (A, ∧, ∨, 0, 1) is a bounded distributive lattice with least element 0, greatest element 1, the sufficient condition of theorem 2.1. follows from corollaries 2.3, 2.7, 2.4 and 2.5. ✷
Other characterizations
The following characterization of 4-valued modal algebras is easier than that given in theorem 2.1. 
Furthermore ¬x =∼▽x.
Proof.
We check only sufficient condition
=∼(x ∨ ¬x),
=∼(x∨ ∼x),
= x∧ ∼x. table 1 we have
However all finite 4-valued modal algebra is a distributive lattice pseudo complemented. We do not know whether this situation holds in the non-finite case. This suggests that we consider a particular class of De Morgan algebras. Proof.
(T1) x ∧ ¬x = x ∧ x * ∧ ∼x = 0∧ ∼x = 0.
(T2) x ∨ ¬x = x ∨ (x * ∧ ∼x) = (x ∨ x * ) ∧ (x∨ ∼x), = (x∨ ∼x).
[H1] 
